
	  

Early	  Journal	  Content	  on	  JSTOR,	  Free	  to	  Anyone	  in	  the	  World	  

This	  article	  is	  one	  of	  nearly	  500,000	  scholarly	  works	  digitized	  and	  made	  freely	  available	  to	  everyone	  in	  
the	  world	  by	  JSTOR.	  	  

Known	  as	  the	  Early	  Journal	  Content,	  this	  set	  of	  works	  include	  research	  articles,	  news,	  letters,	  and	  other	  
writings	  published	  in	  more	  than	  200	  of	  the	  oldest	  leading	  academic	  journals.	  The	  works	  date	  from	  the	  
mid-‐seventeenth	  to	  the	  early	  twentieth	  centuries.	  	  

	  We	  encourage	  people	  to	  read	  and	  share	  the	  Early	  Journal	  Content	  openly	  and	  to	  tell	  others	  that	  this	  
resource	  exists.	  	  People	  may	  post	  this	  content	  online	  or	  redistribute	  in	  any	  way	  for	  non-‐commercial	  
purposes.	  

Read	  more	  about	  Early	  Journal	  Content	  at	  http://about.jstor.org/participate-‐jstor/individuals/early-‐
journal-‐content.	  	  

	  

	  

	  

	  

	  

	  

	  

	  

JSTOR	  is	  a	  digital	  library	  of	  academic	  journals,	  books,	  and	  primary	  source	  objects.	  JSTOR	  helps	  people	  
discover,	  use,	  and	  build	  upon	  a	  wide	  range	  of	  content	  through	  a	  powerful	  research	  and	  teaching	  
platform,	  and	  preserves	  this	  content	  for	  future	  generations.	  JSTOR	  is	  part	  of	  ITHAKA,	  a	  not-‐for-‐profit	  
organization	  that	  also	  includes	  Ithaka	  S+R	  and	  Portico.	  For	  more	  information	  about	  JSTOR,	  please	  
contact	  support@jstor.org.	  



NOTE ON MULTIPLY PERFECT NUMBERS.* 

BY JACOB WESTLUND. 

IN the ANNALS OF MATHEMATICS, ser. 2, vol. 2 (Jan. 1901), p. 103, 
Dr. D. N. Lehmer proves that no multiply perfect numbers of multiplicity 3, 
containing less than three distinct primes, exist. The object of the present 
note is to determine all numbers of multiplicity 3 of the form n, = p1a1p2%p, 
where p,, p2 p3 are three distinct primes and pl <P2 < PS 

Defining a multiply perfect number as one which is an exact divisor of 
the sum of all its divisors, the quotient being the multiplicity, we havet 

(1) 3- ~~P%+ 1 p2+1 -_1 '2- I 

-An (Pi-1 P)2"'t (Pt P p(P3_ 
In order to obtain necessary conditions which pi and P2 must satisfy, we 

use the inequalityt 

(2) < ~~~Pi P2 P3 
()pi P2-1 P3I 

From this we infer that pi and p2 miust be 2 and 3 re8pectively, for the 

maximum value of I "- will exceed 3 only for pl = 2 and P2 = 3. 
n =1 Pn- 

Hence we have 
2ai+1 - 1 3{{2 +l-1 P)3 + 1 

( 3 ) 3 2= *a2 3a2 . 2 P3 

from which we got 

(4) P3 + 
at + I 

=3a,+ 
I 

2al+1 + 3'2 + - 1 

Hence the only prime factors tlhatpA + 1 can have are 2 and 3: 

3?l + I = 2A 3*8 (O < < a1 + Os 0 -V 12 +1) 

Here, 0s cannot hame the value 0, Silne P3 + 1 is an even number. Froin (3) 
we get 

2a+1+3rt2+ I =(2aL+I _ 1)-(3(1-+l _ 1)(P3 + 1), 

or 
(5) 1p321+I-Iu3(12+I-V= (2a,+1 _ 1)(3"2+- 1). 

* Read before the Chicago Section of the American Mathematical Society, April 6, 1901. 
t Cf. Lehmer, 1. c. 

(172) 
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Since the parentheses in the right hand member of this equation are 
prime respectively to 2 and 3, two possible cases present themselves. We 
must have either 

I (3a+ - 1 =p. 2al+I-u = 2a- + - 39 _ 2a+'-u 

2|a+1 - 1 = 3a2+ 1-v 
or 

I 3a2+1 
- 1 = 

2ai+1-A 
2a+1 - 1 =p 3a,+I-Y = -3%+ _ + -v 

Clase 1. In this case we have 

2a1+1 -1 

Let a,+l=2A(2?+1). 
Then 2a - + I-1 = 22A n + 1) - 1. 

1. If x = 0 then 2a+l-1=2 * 4- - 1 = 2 (4n - 1) + l which is not 
divisible by 3, since (4'1 - 1) is divisible by 3. 

2. If X = 1, then 2a +I - 1 = (22n-1-_ 1) (22n+1 + 1), which contains 
other prime factors besides 3, unless n = 0; since if one of 
the factors is divisible by 3, the other is not. For n = 0 we have 
a, + 1 = 2 and a2 + I = v + 1 and hence 

3v+ 1 - 1 = 22 3' - 22- 

or 3V= 22-,_ 1. 

This givers =1, v = 0 which is impossible since p3 > 3. 
3. If X > 1, then 2"t'+ - 1 = 162A-2(2n+l) - 1, which is always divisi- 

ble by 5. 
Thus in Case I there are no multiply perfect numbers of the type here 

collsidel ed . 

Case II. In this case we have 

3(2+1_ -1 = 2al+]-A. 

Let a2+1=2A(2n+1)y 

Then 3('2 +1 1 - 32A(2 n + 1) _ 1. 

1. If X = 0, then 3(22+1 - 1 = - (9t'-1) + 2, which contains other 
primes besides 2 unless n = 0. For n = 0 we have a2 + 1 = 1 which 
is impossible. 
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2. If X = 1, then 3%+1 - 1 = 9(81" - 1) + 8, which contains other 
primes besides 2 unless n = O. For i = 0 we have N2 + 1 = 2 and 
a, + 1 = ?+ 3. Hence 

2Z - 1 = 2" 32 - 32-v 

or 2"- 32-- 1. 

The only values of u and v which satisfy this equation are j = 3, v = 0 
and 1A = 1, v = 1. The corresponding values of a,, a2, p3 are a1 = 5, 
a2= l p3 = 7 and a, = 3, a2 = 1 p3 = 5. 
It is found by trial (Lehuier, 1. c.) that the resulting numbers, 25 . 3 . 7 
and 23.3 . 5 are multiply perfect. 

3. If x > 1, then 3(2+1. 1 = 812X-2(2n+1) - 1, whichis divisible by 5. 
Hence the onlv multiply perfect numbers of multiplicity 3 of the form 

m PlalP2a2iP3 are the two numbers 23 * 3 * 5 and 2 * 3. 7. 

PURDUE UNIVERSITY, FEBRUARY, 1901. 
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